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Introduction

@ An operator T on a Hilbert space H is normal if TT* = T*T.
o Normal operators are well-understood using spectral theory.
@ Question: How to study operators which are not normal?

@ An operator U on a Hilbert space H is a unitary if
vu* = U*U = Iy.

Definition
Let T be a contraction on H. A unitary U on K D H is a dilation
of Tif (?) T =PuUly, ie.

with respect to the decomposition K = H & H-.
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Introduction

An operator T on a Hilbert space H is normal if TT* = T*T.
Normal operators are well-understood using spectral theory.

Question: How to study operators which are not normal?

An operator U on a Hilbert space H is a unitary if
uu* = U*U = Iy.

Definition

Let T be a contraction on H. A unitary U on K D H is a dilation
of Tif T" = PyU"|y for all n €N, i.e.

o[

Xx *

with respect to the decomposition K = H @ H=. In this case,
p(T) = Pup(U)|y for any polynomial p € C|z].
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Definition

Let T =(Ti,..., Ty4) be a d-tuple of commuting contractions on
H. A d-tuple of commuting unitary U = (Ui,...,Uy) on K O H
is a dilation of T if p(T) = Pyp(U)|n for any polynomial
p€Clz,..., 2z, ie.

with respect to the decomposition K = H & H+.
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Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.

B. K. Das Dilation of commuting operators



Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.

e von Neumann inequality: For any polynomial p € C|[z],

Ip(T)| < sup |p(2)].
zeD
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Let T be a contraction on a Hilbert space H. Then T has a
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e von Neumann inequality: For any polynomial p € C|[z],
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Theorem (T. Ando)

Let (T1, T2) be a pair of commuting contractions on H. Then
(T1, T2) dilates to a pair of commuting unitaries (U, Uz).
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Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.

e von Neumann inequality: For any polynomial p € C|[z],

Ip(T)| < sup |p(2)].
zeD

Theorem (T. Ando)

Let (T1, T2) be a pair of commuting contractions on H. Then
(T1, T2) dilates to a pair of commuting unitaries (U, Uz).

e von Neumann inequality: For any polynomial p € C[z1, z],

Ilp(T1, T2)| < sup  |p(z1, 22)|.

(21722)6]])2

e Neither dilation nor the von Neumann inequality holds for
d-tuples of commuting contractions with d > 2.
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Explicit dilation and sharp vN inequality

Theorem (—& Sarkar, 17)

Let (Ty, T) be a pair of commuting contractions on H with Ty is
pure and dim D, < 0o, i = 1,2. Then (Ty, T») dilates to

(Mz, Mg) on H%Tl (D). Therefore, there exists a variety V C D?
such that

Ip(Te, T2) < sup |p(z1,22)] (p € Clz1, 2]).
(Zl,ZQ)EV

If, in addition, T, is pure then V' can be taken to be a
distinguished variety of the bidisc.
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Dilation of a class of commuting operators

letd>2and 1 <p<qg<d.
. 7;f’q = {(T1,..., Ty): Tp, T, satisfy Szegd positivity
and T, is pure}
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Dilation of a class of commuting operators

letd>2and 1 <p<qg<d.
° 7;% = {(T1,..., Ty): ?'p, 'Al'q satisfy Szego positivity
and T, is pure}

Theorem (-, Barik, Haria & Sarkar, 18)

Let T=(Ty,...,Ty) € 7;‘71‘7. Then T dilates to

(Mays -, My, May,, M

y Wz, g, Zpy1ott e

, M,

q

—19 M¢’q7 qu, R Mzd,1)7
on H2(D9~1) with
®p(2)Pq(2) = Pq(2)0,(2) = 2ol

for some Hilbert space £.
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Problem 1: Characterize d-tuples of commuting contractions
which admit isometry/unitary dilations.
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Problem 2: Find a characterization d-tuples of commuting
contractions which can be dilated to d-isometries.

B. K. Das Dilation of commuting operators



Problem 1: Characterize d-tuples of commuting contractions
which admit isometry/unitary dilations.

Problem 2: Find a characterization d-tuples of commuting
contractions which can be dilated to d-isometries.

Problem 3: What are the d-tuples of commuting contractions
which satisfy vN inequality?
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